Error Bars live with the Model

Not with the Data

Usually the
distinction is
unimportant.
But sometimes
it is important.

Error bars live with the model, not the data!

Example: Poisson data: [

no =i
Prob(r=nlk) =2 e' n=0,1,2, ..
n:

(X;) =4, o’ (X)) =2

How to attach error bars to the data points?
The wrongway: If o(X,)=+/X,, then 1/o® = whenX,=0
2 X, /o? o

and X=- ——=0, clearly wrong !

E 1/o? h

Assigning o(X; )= VX; gives a downward bias. Points lower than average by
chance are given smaller error bars, and hence more weight than they deserve.

The right way:
Assign o=V A, where A = mean count rate predicted by the model.

Conditional Probabilities

P(X,Y) = joint probability density of X and Y

P(X) = projection of P(X,Y) onto X axis. v P(X,Y)
| P(X)= [ P(X.Y)dY tez
:.'.0. s e,
e “e®e
Conditional Probability: v
P(X 1Y )= "“probability of X given Y”
= “normalised slice” of P( X,Y) X
at a fixed value of Y. P(Xx)
P(X,)Y P(X)Y
P(X1Y)= Xy ___PXY) P(XIY)
Py  [PXY)dx

Test Understanding

Y=3X

X = Gaussian

P(YIX=2)="?

Y
P(YIX>2)="?

Y
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Conditional Probabilities

P(X) = projection onto X axis.

P(Y) = projection onto Y axis. Y PXY)
P(X)= [P(X.Y)dY < |2 e
S |w o
P(Y)= [ P(X.Y)dX T :
Conditional Probability: <
P(X 1Y )=normalised slice at fixed Y
P( Y| X) = normalised slice at fixed X X
P(X)
Px1y)=PED) piyxy o PET) [L
P(X)
P(X,Y)=P(X1Y) P(Y) P(XTY)
=P I1X)P(X)

Bayes’ Theorem and Bayesian Inference
) P 1X)P(X)
Bayes’ Theorem: P(X |Y)—7P e

Since P(X,Y)=P(X 1Y) PY)=P(YX) P(X)
PYIX)PX) __ PYIX)PX)
P(Y) JP1X) P(X)dX

then P(X1Y)=

Bayesian Inference :
P(model | data) = P(data lmodel) P(model)
P(data)

Shows us how to change our probability distribution
over various models in light of new data.

Inferences depend on Prior, not just Data
Bayesian inference: (M =model, D =data)
Posterior Probability = (Likelihood x Prior Probability) / Evidence
P(DIM) P(M) ___P(DIM) P(M)
P(D) J P 1 M) P(MYAM

Relative probability of two models M, and M, :

P(M\|D) _P(DIM) PM) _ -Ax’ P

P(M,\D) P(DIM, P(M,) 2 P(M,)

+ The Likelihood, P( data | model ), is quantified by a “badness-of-fit”
statistic.  e.g. P(data | model ) ~ exp(-x?/2)
+ The Prior, P( model ) expresses your prejudice (prior knowledge).

+ The Posterior, P( model | data ), gives your inference, the relative
probabilities of different models (parameters), in light of the data.

P(M D)=

No absolute inferences ! New data changes your prior knowledge, but
your conclusions always also depend on your prior.

Choice of Prior
A model for a set of data X
depends on a parameter a.

Our knowledge of o before B
measuring X'is quantified by >

the prior p.d.f. P(a). T

Choice of P(a) is arbitrary

subject to common sense! .

+ After measuring X, Bayes a

- Different priors P(a) lead to

theorem gives posterior p.d.f.

P(al X)~P( Xl a)P(a) Uniform P( @)

Uniform P(log o)
’—‘ P(a)~1/a

P(alX)

'~

different inferences P( a1 X) P(alX)

Max Likelihood and Bayesian Inference

Data Space

Parameter Space

2
‘ Model ~—>
. P(Xla)
o Likelihood Function

:</ L(a) = P(X | ) Xo|  specific Dataset
) .

T
Xl

Bayesian Inference:
P(X la) P(a)

Pla1X) - XD Pl@)
= X e Pl da

Posterior Probability

* L(a) P()

Likelihood modifies the Prior.

Gaussian Datum with Uniform Prior

Data: X+ o Model parameter : i

Likelihood function: P(X )
LX)’
e SN

L(w) = P(X |w) =ﬁ u X

My, = X maximises L(u). Uniform prior:
Posterior probability :

Pl x) = PE10 PG

P(X) P(ulX)
P(X)= [P(X 1) P() du

=X u

P(u) = constant

| Maximum Likelihood implicitly assumes a Uniform Prior |
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Gaussian Datum with Gaussian Prior

Data: Xxo

ey P(X 1)
Likelihood: L(u) = P(X | ) =eJ;7”0

u X
e%{%} Likelihood: Gaussian prior:
Prior: P(u)=
o P = s PlX) P
Posterior :  P(ulX) o« P(X lu) P(u)
Cy(x-u? 1w 3 R :
xe Z[ a )e Z( ay J =e 2(ﬂ(uw)) X o u
X Mo
2 2
o O 1 i
Uy = : l" UZ(MML) = i Same as Optimal Average !
—t+t— —+— Gaussian prior acts like 1 more data point.
A ) o g,

Data pulls the probability away from the
prior, and vice-versa.

Verify this result.

Gaussian Data with Gaussian Prior
S el

oo e 2 P(X, lw)
Likelihood: P(X | = = o !
etlhood PO = ™ o ) [ S\

u X,

i

2! o
Prior : P(w :eT Likelihood: ~Gaussian prior:
" P@IX) P()
Posterior :  P(ulX) « P(X |u) P(u)
=, (e |
oty woen 2 )
X, M X I'w "
Ej*‘ 2 g,
Uy, = 9 O (1) = 1 !
e R e 1 1 |same as Optimal Average !
Dt Dt
7 0i O ~ 0. 0o,

Gaussian prior acts like 1 more data
point.

Max Likelihood for Gaussian Data

Likelihood of parameters o for a given dataset:
Lla)=P(Xla)=P(X,la)x P(X, la)x..x P(X, la)

EH POX, 1) Maximum Likelihood
i=1

Parameter Estimation

X.
+ Data points X; with no errors: izg e o eo o
2 _ (X -u) A
i 70
X = : 60
o 0 s 10 15 20 !
i=1
+ To find u, minimise ;2 350

+ To find o, minimising x? fails!

For Gaussian error distributions: s J
) a,, satisfies 0 =—/[-2InL(a)],
,L[Xru;m)] da
e\ ol 2
P(X;la) = w/ﬁ o, Var[ay, | =
(e 1) v (EH'““““)
Lia)=e* | [] =] @n)™ amty,
e ([T oo

Generalises y? fitting.

* ML method minimises

Need ML when Parameters alter Error Bars

x'—=>0ao—>»

—2lnL=X2+221nal+Nln(2ﬂ) w
: -2InL=x"+2NIno .
To maximise L(c), minimise y* + 22 Ino, ° " “ o
Need ML to fit low-count | s e : Summar
i i Tl u Y.
POISSOI’] Data B S . 1. Error bars live with the Model, not with the Data.
Poisson data X with rate parameter A : 5 * ° 2. Bayes Theorem (Bayesian Inference)
7A.AX o 2 4 6 8 X"O P | l P l
P(XIM=E < - P(model | data) = (data Imodel) P(model)
. o o A P(X1A) P(data)
Likelihood Jor N P0|ssonNdati|;?|nts ) 0z A =45 3. Maximum Likelihood, L(model) = P(data | model)
L= Px,12)= ¢ A o e.g. for Gaussian Data: N
1,:[ 1:[ X;! - —21nL=X2+221n0i+const
InL= - A+X,InA-InX,! o =1
L= 3 (<Ae X mi-mnx)

Maximum likelihood estimator of A :
dlnL 1 08 / LAY
o =-N+ZZX,=0 at A=y, | o /

AML:%ZX" 0z e

4.Use x?if Gaussian errors and known o;
5. Otherwise, use Maximum Likelihood,
e.g. Error bars not known, or low-count Poisson data.
6. or full Bayesian analysis, incuding the prior:
e.g. for Gaussian Data: N
-2InP(model | data) = 5* + 22 Ino, - 21In P(model) + const

i=1
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