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estimating o
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1. If lots of data points:
The 5-sigma rule:

Gaussian random samples

Estimate “by eye” the range 0 ' 200 ' 400
(max-min) of the data

N dat int
(~100 data points). ata points

The 5—0 Rule:

That range (max-min) is about
9 ( ) qu—min~50(logN/Iog100)2/3
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2. If only a few data points: 5
~1/3 of the data points should E
be outside +/- 1 sigma
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Multivariate Distributions

— e.g. rotational and radial velocities of stars in a cluster
— colours and magnitudes of stars in a cluster

— redshifts and peak apparent magnitudes of distant supernovae

Independent
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- Does knowing the value of one random variable X
inform you about the other?

- Suppose we measure 2 (or more) different properties

y

Dependent

v



Joint Probability Distribution f( X, Y)

« Xand Y are two random variables.
- Their joint probability distributionis 7( X, Y')

- Normalisation: fff(X»Y) AX dY =1
» Projection gives f(X), f(Y):  f(Y) =ff(X, Y)dX

£ f(X) = [f(X,Y)dY




Independence and Correlation

- Independence:

— knowing X does not inform about Y
— Definition:

J(X,Y) = f(X) f(Y)

- Partial correlation:

— knowing Xtells you about Y

« Correlation:

— X determines Y

Y




The Algebra of Random Variables

Ordinary numbers are “sharp”.

1 +1 =2

Random variables are “fuzzy” numbers.
(1:1)+(1¢2)=(?i ?)

How do the mean and variance change when we
add or subtract or multiply fuzzy numbers?

How do the higher moments change?



Linear Transformations: Scaling

Constants: <a> = 7 Var(a) = 7

Scaling a random variable, X, by a constant, a:

— Mean:
(aX)=a(X) (aX)= ff(X)aX dX
—af f(X) X dX = a(X)
— Variance:

Var(a X) =< ~{a j2>

X)
~([aX - a(X)T’)
]

Var(aX) = a” Var(X)

O(aX)=aG(X)

<a | X — < >2>

= a’ Var(X)



Linear Transformations: Addition
- Adding two random variables X and Y-
(X+Y)= [[ FXY)(X+Y)dXaY
= [[ fx X dxdy + [[ f(X.Y)Y dX dY
=f[ff(X,Y)dY]XdX+f[ff(X,Y)dX]YdY
= [rX)Xxax+ [ fyydy
=(X)+{Y)

- True for any joint PDF! (X+Y)=(X)+(Y)




Why it works...

- Centre of gravity has a well-defined position,
iIndependent of choice of coordinates.

* e.g. could use either ( X, Y) or ( X+Y, X-Y) :
y +°

(X+7)=(X)+ ()

<X> <X>+<Y>




Variance and Co-variance
» Variance of X+Y depends on how X and Y co-vary:

Var(X +Y)=Var(X)+ Var(Y) + 2Cov(X,Y)
Cov(X,Y) =((X - (X)) (¥ - (Y)))

Var(X +¥)=([X +Y - X+Y]2>

(X +Y ~(X)=(¥)]*)

(X = (X)) + ¥ =(¥)T)

= (X = (X)) + (¥ = (Y))’ +2(X = (X)(¥ - (Y)))

= (X = (X)) + (¥ = (¥)*) +2{(X - (XD(¥ - (YD)
= Var(X) + Var(Y) + 2Cov(X,Y)



Co-variance

« Cov>0

« Cov="?

o Independent?

« Cov<O

« Cov="?




Practice !

X=1=x1

Y=1=x1

X+Y=7+7 X=1=1
Y=2-X
X+Y=7%x"?

X=1=x1

Y=X

X+Y=7+7

X =1=x1 Y =




Linear Transformations

- Scale and add any number of random variables:

<EaiXi>=Eai<Xi> Var-EaiXi- =EaiajCOV(Xi,Xj)

l

i | i l,]

Or, in terms of the (symmetric) Co-variance Matrix:

Var zaiXi = Eai C.a,

) ] i,j

(a. .. a)(X\| @ .. a)(C, .. Cy\a)
Var .=

\XN/_ \CNI CNN/\CIN/




Correlation Coefficient R( X, Y')

- Correlation coefficient: R(X.Y)= Cov(X,Y)
o(X)oY)
=1 R=0 R=+1
« Correlation matrix: |
_ COV(X19XJ) . 1 .
T oXpox,) |1 .
1

. Variance: Varlz a Xi] _ E E a,a,0(X ,.)G(X ; ) R,
i i



