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“Missing Mass Problem”
v Definitions of two accelerations:

                   Newton’s law                        Newton’s gravity

𝒈𝒐𝒃𝒔 ≡ −𝛁𝚽𝒐𝒃𝒔           =?            𝒈𝒃𝒂𝒓 ≡
𝑮𝑴𝒃𝒂𝒓()𝒓)

𝒓𝟐

v Asumming 𝑔!"# = 𝑔"$%,  mass discrepnacy is expected. 
   “dark matter” is introduced to resolve the insufficient baryonic mass.
v What if 𝒈𝒐𝒃𝒔 ≠ 𝒈𝒃𝒂𝒓? Acceleration discrepancy instead.
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Independent measurements 
for two-axis:

q Vertical axis (gobs)

𝐠𝐨𝐛𝐬 =
𝐕𝟐

𝐫

q Horizontal axis (gbar)

𝐠𝐛𝐚𝐫 =
𝐆𝐌𝐛𝐚𝐫(< 𝐫)

𝐫𝟐

𝐌𝐛𝐚𝐫 = 𝐌𝐬𝐭𝐚𝐫 +𝐌𝐠𝐚𝐬
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Radial Acceleration Relation

𝐥𝐨𝐠 𝒈𝒃𝒂𝒓 [𝒎 𝒔$𝟐]

𝐥𝐨
𝐠
𝒈 𝒐

𝒃𝒔
[𝒎

𝒔$
𝟐 ]

binned points

Residuals

The tight relation gives

𝐠𝒐𝒃𝒔 =
𝐠𝒃𝒂𝒓

𝟏 − 𝒆' ⁄𝐠𝒃𝒂𝒓 𝐠$

𝐠! = 𝟏. 𝟐𝟎 ± 𝟎. 𝟎𝟐 ×𝟏𝟎"𝟏𝟎𝒎𝒔"𝟐

The residuals of log(𝑔)*+)



Baryonic Tully-Fisher Relation
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𝐠𝐨𝐛𝐬 = 𝐠𝐛𝐚𝐫 g'

𝐠𝐨𝐛𝐬=
𝒗𝟐

𝒓
; 𝐠𝐛𝐚𝐫=

𝑮𝑴𝐛𝐚𝐫
𝒓𝟐

→
𝒗𝟒

𝒓𝟐
=
𝑮𝑴𝐛𝐚𝐫g'

𝒓𝟐

→ 𝒗𝟒 = 𝑮𝑴𝐛𝐚𝐫g'

McGaugh et al. (2016), PRL, 117, 201101

Radial Acceleration Relation

𝐥𝐨𝐠 𝒈𝒃𝒂𝒓 [𝒎 𝒔$𝟐]

𝐥𝐨
𝐠
𝒈 𝒐

𝒃𝒔
[𝒎

𝒔$
𝟐 ]

binned points

Residuals

McGaugh (2011, 2012)

https://ui.adsabs.harvard.edu/abs/2016PhRvL.117t1101M/abstract


MOND in Galaxy Clusters
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Log Gas Mass -14 Log Gas Mass -14



Lensing RAR on
Cluster Scales?
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Brightest Cluster 
Galaxy (BCG)

X-ray gas

member galaxies

Galaxy Cluster: IDCS J1426

Credit: NASA/CXC/Univ of Missouri/M.Brodwin et al; NASA/STScI; JPL/CalTech6 June 2023 8

Components Mass fraction
Galaxies 1%
Intergalactic gas 9%
Dark matter 90%



Ingredients in Galaxy Clusters
q Cluster Lensing And Supernova survey with Hubble (CLASH)
q Observational Mass (Lensing Mass)

n Strong & Weak-Lensing (Umetsu+ 2016) 

q Baryonic Mass 
n X-ray gas (Donahue+ 2014) 
n Stellar mass (Chiu+ 2018)
n Brightest Cluster Galaxy (BCG; Cooke+ 2016) 
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𝒇𝒄𝒐𝒍𝒅 =
𝑴𝒔𝒕𝒂𝒓

𝑴𝒃𝒂𝒓

𝐥𝐨
𝐠
𝐠 𝐭
𝐨𝐭

[𝐦
𝐬$

𝟐 ]

considering the gas mass only adding the stellar mass

𝐥𝐨𝐠 𝐠𝐠𝐚𝐬 [𝐦 𝐬$𝟐] 𝐥𝐨𝐠 𝐠𝐛𝐚𝐫 [𝐦 𝐬$𝟐]



𝐥𝐨𝐠 𝒈𝒃𝒂𝒓 [𝒎 𝒔$𝟐]

𝐥𝐨
𝐠
𝒈
𝒕𝒐
𝒕
[𝒎

𝒔$
𝟐 ]

6 June 2023 11

𝐠𝐭𝐨𝐭 = 𝐠𝐛𝐚𝐫 𝐠‡

𝐠‡=(2.0±0.1)×10-9	ms-2



Residuals in CLASH RAR
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Tian et al. (2020), ApJ, 896, 70

https://ui.adsabs.harvard.edu/abs/2020ApJ...896...70T/abstract


Four Issues in CLASH RAR
Four Issues in RAR (Desmond 2017; Lelli+ 2017)
i. the acceleration scale 𝐠6=1.20×10-10	ms-2;
ii. the low-acceleration slope (0.5);
iii. the intrinsic tightness (≤ 0.11 dex);
iv. no correlations between residuals and other galaxy properties. 

Four Issues in CLASH RAR (Tian+ 2020)
i. a new acceleration scale 𝐠‡=(2.0±0.1)×10-9 ms-2;
ii. the acceleration slope (0.5);
iii. lognormal intrinsic scatter 14.𝟕8𝟐.𝟖;𝟐.𝟗%;
iv. a small correlation between residuals and radius.
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Mass-Velocity	Dispersion	Relation

g=>? = g>@A g‡

g=>?∝
B$

C
; g>@A=

DE%&'
C$

→ 𝜎F∝ 𝐺𝑀>@Ag‡

Implication by the CLASH RAR
The CLASH RAR

Implication:

Tian et al. (2020), ApJ, 896, 70

https://ui.adsabs.harvard.edu/abs/2020ApJ...896...70T/abstract


The MVDR on
BCG-Cluster Scales?
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BCG and galaxy cluster samples
q 29 galaxy clusters in the HIFLUGCS (Tian et al. 2021a, ApJ, 910, 56)

q 54 BCGs in MaNGA MPL-7 (Tian et al. 2021b, ApJL, 917, L24)
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Zhang et al. (2011), A&A, 526, A105;
Bundy et a., (2015), ApJ, 798, 7

https://ui.adsabs.harvard.edu/abs/2021ApJ...910...56T/abstract
https://ui.adsabs.harvard.edu/abs/2021ApJ...917L..24T/abstract


Flat Velocity Dispersion Profiles

satisfied: (1) a Gaussian intrinsic scatter perpendicular to the
fitting line; (2) two independent errors of the x-axis Txi and y-
axis Tyi

.
The log-likelihood function is written as

� �QT
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i
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where i runs over all data points, and σi includes the
observational uncertainties T T,x yi i

( ) and the lognormal intrinsic
scatter σint (e.g., see Appendix A in Lelli et al. 2019),
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We implement the MCMC analysis for the slope and the
intercept of the MVDR by EMCEE (Foreman-Mackey et al.
2013, 2019). We use noninformative flat priors on the slope m
and the intercept b within the interval of [−100, 100], and the
intrinsic scatter T � �ln 5, 2int [ ]; see the result in Figure 2. It

gives a relation as

T
� ��

�
� �

�M
M

log 4.1 log
km s

1.6 , 6bar
0.4
0.4 los

1 1.3
1.0⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠ ( )

:

which is a tight relation with the error budget of the lognormal
intrinsic scatter of �

�12 %3
3 . Our result is consistent with the

CLASH RAR, which implies Mbar∝ σ4.
To justify the initial assumption of a Gaussian intrinsic

scatter perpendicular to the fitting line, we examine the
histogram of the orthogonal residuals Δi with respect to
Equation (6); (see the inset panel of Figure 2). The distributions
of the residuals presents a Gaussian distribution with a tiny half
width (0.07 dex).
To compare the new acceleration scale g‡ with Equation (1),

the slope must be fixed to four. This scale g‡ depends on the
intercept, which is highly sensitive to the slope; see the
posterior distributions of the fitting parameters in Figure 2. In
addition, the correct unit of the acceleration scale demands that
the slope be exactly four. We perform the MCMC analysis
again to get

T
� �

� �
�M

M
log 4 log

km s
1.96 , 7bar los

1 0.06
0.05⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠ ( )

:

Figure 1. Three examples (A85, A262, and Fornax) of the 29 HUFLUGCS clusters. A85 is the most massive among the three, while Fornax is the least massive.
Upper panel: the spatial distributions and the los velocity of member galaxies are relative to the center point of the BCG. The symbol sizes are proportional to the
velocity magnitudes. Crosses indicate receding velocities; boxes, approaching velocities; dotted circles, r500. Middle panel: the relative los velocity (Vlos) distribution
is in terms of the projected radius relative to the BCG. The black filled rectangles represent the mean of the relative los velocity in each bin. The los velocity dispersion
(σlos) is the vertical standard deviation of the binned data. Lower panel: the los velocity dispersion (σlos) presents a flat tail for each cluster.

5

The Astrophysical Journal, 910:56 (10pp), 2021 March 20 Tian et al.

Three examples of 
HIFLUGCS clusters.

Upper panel: the spatial 
distributions are relative to the 
center point of the BCG. 
Middle panel: the relative los 
velocity (Vlos) distribution is in 
terms of the projected radius 
relative to the BCG. 
Lower panel: the los velocity 
dispersion (σlos) presents a flat 
tail for each cluster.
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Tian et al. (2021a), ApJ, 910, 56

https://ui.adsabs.harvard.edu/abs/2021ApJ...910...56T/abstract


Identifying BCGs in MaNGA
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Color-Magnitude Membership Distribution



Three examples of 
MaNGA BCGs. 
Upper panel: the map plot of 
Spaxel data for the stellar 
velocity dispersion. 
Lower panel: velocity 
dispersion profiles in terms of 
radius. MaNGA BCGs present 
a flat velocity dispersion 
profile.

6 June 2023 19

Tian et al. (2021b), ApJL, 917, L24

Flat Velocity Dispersion Profiles

https://ui.adsabs.harvard.edu/abs/2021ApJ...917L..24T/abstract


The MVDR of both BCGs and
clusters. Left panel: the blue 
circles represent 54 MaNGA
BCGs while the orange circles 
indicate 29 HIFLUGCS clusters in 
Tian et al. (2021a). Right panel: 
triangle diagrams of the 
regression parameters. Black 
contours represent 1σ and 2σ 
confidence regions.

6 June 2023 20

Tian et al. (2021b), ApJL, 917, L24

https://ui.adsabs.harvard.edu/abs/2021ApJ...917L..24T/abstract


Dynamical RAR on
BCG-Cluster Scales?
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The Implication by 
Acceleration Scale
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Scale Lenth Implied by Acceleration Scale 

If 𝜎 ranges in 100-200 km/s for ellipitcals and 200-300 km/s for BCGs, 
we have different scale lenths for the flat tails.
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𝒓' = 𝝈𝟐𝒈'.𝟏

𝒂 ≈
𝝈𝟐

𝒓'
≈ 𝒈'

𝒓‡ = 𝝈𝟐𝒈‡.𝟏

𝒂 ≈
𝝈𝟐

𝒓‡
≈ 𝒈‡

Tian et al. (2021b), ApJL, 917, L24Milgrom (1984), ApJ, 287,571

𝒓'~ 𝟐. 𝟔 − 𝟏𝟎. 𝟕 𝒌𝒑𝒄 𝒓‡~ 𝟎. 𝟔 − 𝟏. 𝟓 𝒌𝒑𝒄

https://ui.adsabs.harvard.edu/abs/2021ApJ...917L..24T/abstract


Three examples of 
MaNGA BCGs. 
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Tian et al. (2021b), ApJL, 917, L24

Velocity Dispersion Profiles in Ellipitical Galaxies

Three examples of 
ATLAS3D ellipticals. 

https://ui.adsabs.harvard.edu/abs/2021ApJ...917L..24T/abstract


Dynamics Kinematics

Solar System Newton’s Law Kepler’s Law

Spirals RAR Tully-Fisher 
Ellipticals RAR Faber-Jackson

BCG-Cluster CLASH RAR MVDR

Remarks
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Remarks
1. Nearly flat velocity dispersion profiles have been observed in both MaNGA

Brightest Cluster Galaxies (BCGs) and HIFLUGCS clusters.
2. A distinct Radial Acceleration Relation (RAR), is represented as                   

𝐠𝐭𝐨𝐭 = 𝐠𝐛𝐚𝐫 𝐠‡ , with 𝐠‡ = (𝟐. 𝟎 ± 𝟎. 𝟏)×𝟏𝟎.𝟗𝒎𝒔.𝟐, is unveiled through 
the data gathered from 50 MaNGA BCGs, 20 CLASH BCGs, and 20 CLASH 
clusters with a tiny intrinsic scatter.

3. A Mass-Velocity Dispersion Relation, also known as a parallel Faber-
Jackson Relation, is demonstrated by 50 MaNGA BCGs and 29 HIFLUGCS 
clusters. The relation aligns with the implications of the RAR on BCG-
cluster scales.
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CLASH RAR & MVDR

6 June 2023 29Tian et al. (2023)  submitted to ApJL Tian et al. (2021b), ApJL, 917, L24Tian et al. (2020), ApJ, 896, 70 ;

https://ui.adsabs.harvard.edu/abs/2021ApJ...917L..24T/abstract
https://ui.adsabs.harvard.edu/abs/2020ApJ...896...70T/abstract


Q&A
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Residual Missing Mass 
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Residual Missing Mass 
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The residual missing mass depends on baryonic 
acceleration. 

For examples,

If 𝒈𝒃𝒂𝒓 = 𝟐. 𝟏×𝟏𝟎$𝟏𝟎𝒎𝒔$𝟐, 𝑴𝑴/𝑴𝒃𝒂𝒓 ≈ 𝟐. 𝟕;
If 𝒈𝒃𝒂𝒓 = 𝟏. 𝟑×𝟏𝟎$𝟏𝟏𝒎𝒔$𝟐, 𝑴𝑴/𝑴𝒃𝒂𝒓 ≈ 𝟕. 𝟑.

Tian et al. (2020), ApJ, 896, 70

https://ui.adsabs.harvard.edu/abs/2020ApJ...896...70T/abstract


M*/L Gradient
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The baryonic mass is increased 
by around 10-20%.



NGC1132 Credit: NASA/Roberto Colombari

Acceleration Relation
in Ellipitcals
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𝐥𝐨𝐠 𝐠𝐛𝐚𝐫 [𝐦 𝐬$𝟐]

𝐥𝐨
𝐠
𝐠 𝐨

𝐛𝐬
[𝐦

𝐬$
𝟐 ]

𝐥𝐨𝐠 𝐠𝐛𝐚𝐫 [𝐦 𝐬$𝟐]

Radial Acceleration Relation Radial Acceleration Relation
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𝐥𝐨𝐠 𝐠𝐛𝐚𝐫 [𝐦 𝐬$𝟐]

𝐥𝐨
𝐠
𝐠 𝐨

𝐛𝐬
[𝐦

𝐬$
𝟐 ]

𝐥𝐨𝐠 𝐠𝐛𝐚𝐫 [𝐦 𝐬$𝟐]
𝐥𝐨
𝐠
𝐠 𝐨

𝐛𝐬
−
𝐠 𝐛

𝐚𝐫
[𝐦

𝐬$
𝟐 ]

Radial Acceleration Relation Halo Acceleration Relation

2693 data of 153 Spirals 
(McGaugh et al., 2016)

57 Rings (Tian & Ko 2017)
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𝐑
𝐞𝐬
𝐢𝐝
𝐮𝐚
𝐥𝐬

𝐝𝐞
𝐱

𝐑
𝐞𝐬
𝐢𝐝
𝐮𝐚
𝐥𝐬

𝐝𝐞
𝐱

𝐑
𝐞𝐬
𝐢𝐝
𝐮𝐚
𝐥𝐬

𝐝𝐞
𝐱

𝐑
𝐞𝐬
𝐢𝐝
𝐮𝐚
𝐥𝐬

𝐝𝐞
𝐱

𝐥𝐨𝐠 𝐌𝐛𝐚𝐫 [𝐌⊙] 𝐥𝐨𝐠 𝐑𝐞𝐟𝐟 [𝐤𝐩𝐜]

𝐥𝐨𝐠 ∑𝐞𝐟𝐟 [𝐌⊙𝐩𝐜$𝟐] 𝐅𝐠𝐚𝐬

Baryonic mass Effective radius

Effective surface brightness Global gas fraction

binned points

Standard deviation

The vertical clumps of 
data are due to 
individual objects: each 
galaxy contributes with 
several points to the 
RAR.
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𝑀∆ =
4𝜋
3 (∆𝜌89:;)𝑟∆<

GM∆

𝑟∆=
=
𝐽>/=𝜎=

𝑟∆

Where 𝜌89:;=3H0
2/8𝜋G is the critical 

density of the universe.

The enclosed total mass within the radius 
in ΛCDM model is given by (Mo et al. 
1998)

To relate the DM mass with velocity 
dispersion, we consider the gravitational 
potential traced by the velocity 
dispersion as

𝑀∆ =
=@!/#

∆AB$
𝜎<

Thus, we have

Tian et al. (2021a), ApJ, 910, 56

Implication in ɅCDM Model

https://ui.adsabs.harvard.edu/abs/2021ApJ...910...56T/abstract
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𝑀CDD ∝ σEFG<

𝑓HI9 = ⁄𝑀HI9 𝑀CDD

By adopting the cosmic baryon faction, 
we have

𝑀HI9 ∝ σEFG<

The ΛCDM model in pressure supported 
systems gives the dynamical MVDR as

Thus, ΛCDM model predicts different 
slope comparing with the empirical  
MVDR

Implication in ɅCDM Model

Tian et al. (2021a), ApJ, 910, 56

https://ui.adsabs.harvard.edu/abs/2021ApJ...910...56T/abstract
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